We study the global existence and uniqueness of a solution to an initial boundary value problem for the nonlinear wave equation with the p-Laplacian operator u tt −div |∇u| p−2 ∇u −Δu t g x, u f x . Further, the asymptotic behavior of solution is established. The nonlinear term g likes g x, u a x |u| α−1 u − b x |u| β−1 u with appropriate functions a x and b x , where α > β ≥ 1.
Introduction
This paper is concerned with the global existence, uniqueness, and asymptotic behavior of solution for the nonlinear wave equation with the p-Laplacian operator u tt − div |∇u| p−2 ∇u − Δu t g x, u f x , in Ω × 0, ∞ , 1.1 u x, 0 u 0 x , u t x, 0 u 1 x , in Ω; u x, t 0, on ∂Ω × 0, ∞ ,
where 2 ≤ p < n and Ω is a boundary domain in R n with smooth boundary ∂Ω. The assumptions on f, g, u 0 and u 1 will be made in the sequel.
Recently, Ma and Soriano in 1 investigated the global existence of solution u t for the problem 1.1 -1.2 under the assumptions p n, g u u ≥ 0, g u ≤ C β exp β|u| n/ n−1 , u ∈ R. where a, b > 0, ρ > 0, 1 < σ < np/ n − p if 1 < p < n and 1 < σ < ∞ if n ≤ p. More precisely, they obtained that the global existence of solution for 1.1 -1.2 if one of the following assumptions was satisfied:
Similar consideration can be found in 3-5 . In 6 , Yang obtained the uniqueness of solution of the Laplacian wave equation 1.1 -1.2 for n 1. To the best of our knowledge, there are few information on the uniqueness of solution of 1.1 -1.2 for n > 1 and p > 2.
In this paper, we are interested in the global existence, the uniqueness, the continuity and the asymptotic behavior of solution for 1.1 -1.2 . The nonlinear term g in 1.1 likes g x, u a x |u| α−1 u − b x |u| β−1 u with α > β ≥ 1 and a, b ≥ 0. Obviously, the sign condition ug u ≥ 0 fails to hold for this type of function.
For these purposes, we must establish the global existence of solution for 1.1 -1.2 . Several methods have been used to study the existence of solutions to nonlinear wave equation. Notable among them is the variational approach through the use of Faedo-Galerkin approximation combined with the method of compactness and monotonicity, see 7 . To prove the uniqueness, we need to derive the various estimates for assumed solution u t . For the decay property, like 1.5 , we use the method recently introduced by Martinez 8 to study the decay rate of solution to the wave equation u tt − Δu g u t 0 in Ω × R , where Ω is a bounded domain of R n . This paper is organized as follows. In Section 2, some assumptions and the main results are stated. In Section 3, we use Faedo-Galerkin approximation together with a combination of the compactness and the monotonicity methods to prove the global existence of solution to problem 1. 
2.1
Let us state our assumptions on f and g.
and growth condition
with some k 0 , k 1 > 0 and the nonnegative functions
with the appropriate nonnegative functions a x and b x , where α > β ≥ 1.
and u satisfies 1.2 with u 0 , u 1 ∈ W 1,p 0 and the integral identity
Now we are in a position to state our results. 
2.5
and the following estimates
where
Further, if 1 ≤ α ≤ n p / n − p and 2 ≤ p ≤ 4, the solution satisfying 2.5 -2.6 is unique. Theorem 2.3. Let u be a solution of 1.1 -1.2 with f 0. In addition, let 2 < p < n and
Then there exists C 0 C 0 u 0 , u 1 , such that
The following theorem shows that the asymptotic estimate 2.9 can be also derived if assumption 2.8 fails to hold. 
where u 0m and u 1m are chosen in V m so that
As it is well known, the system 3.3 -3.4 has a local solution u m t on some interval 0, t m . We claim that for any T > 0, such a solution can be extended to the whole interval 0, T by using the first a priori estimate below. We denote by C k the constant which is independent of m and the initial data u 0 and u 1 . 
3.11
By assumption A 2 , we obtain that α 1 ≤ np/ n − p and
3.12
Then it follows 3.5 and 3.6 that
3.13
Hence, for any t ≥ 0 and m 1, 2, . . ., we have from 3.11 and 3.13 that 
and u m → u a.e. in Ω × 0, T . 
Using the growth condition 2.3 and 3.25 , we see that
is bounded and
Therefore, from 7, Chapter 1, Lemma 1.3 , we infer that
With these convergences, we can pass to the limit in the approximate equation and then
Obviously, u satisfies the estimates 2.5 -2.6 . Finally, using the standard monotonicity argument as done in 1, 7 , we get that χ t −Δ p u t . This completes the proof of existence of solution u t .
To prove the uniqueness, we assume that u t and v t are two solutions which satisfy 2.5 -2.6 and u 0 v 0 , u t 0 v t 0 . Setting U t u t t , V t v t t , and W t U t − V t . We see from 1.1 and 1.2 that
Multiplying 3.30 by W and integrating over Ω, we have
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3.32
Note that
|∇W s |ds.
3.33
Then, by the estimates 2.6 and 2 ≤ p ≤ 4, we have
For the term of the right side to 3.31 , we have
with λ 1 n/2, λ 2 2n/ n − 2 .
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By the assumption A 2 and 1 ≤ α ≤ n p / n − p , we see that
3.36
By the estimate 2.6 , we have
Therefore, there exists
0 , we get
3.39
Then 3.35 becomes
3.40
Therefore, it follows from 3.31 , 3.34 , and 3.40 that
The integral inequality 3.41 shows that there exists T 1 > 0, such that
Repeating the above procedure, we conduce that u t v t on T 1 , 2T 
3.43
This shows that u t ∈ C 0, ∞ ; W 1,2 0
. We complete the proof of Theorem 2.2.
Proof of Theorem 2.3
Let us first state a well-known lemma that will be needed later.
Lemma 4.1 see 10 . Let E : R → R be a nonincreasing function and assume that there are constants q ≥ 0 and γ > 0, such that
Then, we have 
